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T h i s  Memorandum pos tu l a t e s  the s t r u c t u r e  of shock waves i n  a low- 
d e n s i t y  plasma and uses  i t  t o  expI.ain s e v e r a l  f e a t u r e s  of i n t e r p l a n e t a r y  
shock waves observed by satel l i tes  and space probes. It shows i n  
p a r t i c u l a r  t h a t  unsteady flow behind t h e  shock wave is  caused (when t h e  
> 1) pres su re  t h e r e  is  a n i s o t r o p i c  and s a t i s f i e s  t h e  condi t ion  'I! - 1 
B2 /4n 
by t h e  r e f r a c t i o n  of small-amplitude d is turbances  through 
t h e  shock. The shock wave i s  stable, however, wi th  respect t o  small 
pe r tu rba t ions  i n  t h e  f l u i d  va r i ab le s ,  because t h e  problem of small- 
amplitude d is turbances  r e f r a c t i n g  through a f a s t  hydromagnetic shock 
wave has  a unique so lu t ion .  The length fo r  t h e  unsteady f low's  onse t  i s  
c h a r a c t e r i s t i c a l l y  a few ion  cyclotron r a d i i ,  which ag rees  wi th  t h e  
experimental  da ta .  A poss ib l e  explanat ion is  o f fe red  f o r  t h e  inc rease  
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I. INTRODUCTION 
Recent sa te l l i te  and space-probe experiments have provided expe r i -  
menta l  evidence f o r  the  ex i s t ence  of shock waves i n  i n t e r p l a n e t a r y  space,  
w i t h  th icknesses  much smal le r  than t h e  mean f r e e  pa th  (which, i n  the  i n t e r -  
p l ane ta ry  medium, i s  about 1 A.U.). It seems t o  be c h a r a c t e r i s t i c  of  t hese  
shock waves t h a t  t he  reg ion  behind them i s  a reg ion  of unsteady flow, 
resembling turbulence ,  w i t h  disordered magnetic f i e l d s  and an  i s o t r o p i c  
f l u x  of plasma ions .  W e  w i l l  show he re  how such an unsteady reg ion  of  flow 
i s  t o  be expected behind a shock wave i n  a low-density plasma. W e  w i l l  
f i r s t  i n v e s t i g a t e  t h e  s t a b i l i t y  and s t r u c t u r e  of such shock waves, and then  
show how our r e s u l t s  apply t o  t h e  shock waves observed i n  i n t e r p l a n e t a r y  
space.  
The Imp 1 magnetometer and plasma d a t a  provide evidence f o r  a bow 
shock wave i n  f r o n t  of t he  e a r t h ' s  magnetosphere i n  i n t e r p l a n e t a r y  space.  
Behind t h i s  shock wave, t h e  magnetic f i e l d  i l u c t u a t e s  r a p i d l y  i n  magnitude 
and d i r e c t i o n  (Ness, Scearce and Seek, 1964), and a hot  i s o t r o p i c  f l u x  of 
p o s i t i v e  plasma ions  i s  observed (Bridge, e t  a l . ,  1964). The magnetometer 
experiment aboard Pioneer  I (Sonett, Smith, and Sims, 1960; Sone t t  and 
Abrams, 1963) determine the  low-frequency pawer spectrum of these  magnetic- 
f i e l d  f l u c t u a t i o n s .  Evidence for a second hydromagnetic shock wave i n  i n t e r -  
p l ane ta ry  space about 10 km from e a r t h  and t r a v e l i n g  towards i t  w a s  found 
i n  the  Mariner I1 magnetometer and plasma da ta  (Sonett ,  e t  a l . ,  1964). The 
plasma f l u x  increased ,  and the  magnetic f i e l d  increased  i n  magnitude ; d i s -  
ordered f i e l d s  were present  f o r  many hours  behind the  shock wave. 
7 
The satel l i tes  and space probes mentioned above moved through t h e  
observed shock waves so  r a p i d l y  tha t  no measurements of the  s t r u c t u r e  were 
poss ib l e .  
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Experimentally, we can distinguish between the following four regions 
in the flow (see Fig. 1): Region 1, the region ahead of the shock; 
Region s ,  the shock wave itself, whose structure has not yet been 
determined experimentally or theoretically; Region 2, the region behind 
the shock, where the magnetic fields and plasma flow are unsteady and 
disordered, whose thickness is very large compared to the thickness of 
Region s ;  Region 3 ,  the region of steady flow and ordered fields, which 
follows the unsteady region after the fluctuations have been damped. 
In this Memorandum, we investigate the consequences of dividing the 
shock wave, Region s ,  into two sub-regions, A and B, as shown in Fig. 2. 
We postulate the following structure for shock wave : 
Region A :  The shock wave proper, in which the electron gas undergoes 
a non-adiabatic transition, and whose thickness must therefore be no 
more than a few electron cyclotron radii. We suppose that there is 
an electric field in the direction opposite to the flow sufficiently 
strong (over a distance of a few Debye lengths) that the ion gas is 
slowed down, thus restoring charge neutrality behind this region. The 
postulated structure for Region A is similar to the structure discussed 
by Colgate (1959) for a strong shock wave in a collisionless plasma. 
Part of the energy of the ions' directed motion goes into heating the 
electrons, and part goes into compressing the ion gas. Because the 
transition region is so thin compared to an ion cyclotron radius, the 
compression of the ion gas is essentially one-dimensional. 
Repion B: The region just behind the shock wave proper, where 
unstable hydromagnetic waves grow in amplitude. 
ion gas t o  undergo a compression that is essentially one-dimensional, 
the parallel ion pressure is expected to become much larger than the 
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Fig.  2 -The postulated shock structure 
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ion  pressure perpendicular  t o  t h e  flow d i r e c t i o n .  
f i e l d  i s  also roughly i n  t h e  d i r e c t i o n  of t h e  flow, the  hose i n s t a b i l i t y  
c r  i t e r  ion  
When t h e  magnetic 
p H  - f 
> 1  
B2 /4n 
may be s a t i s f i e d ,  where P and P are t h e  ion  p res su res  parallel and 
perpendicular ,  r e s p e c t i v e l y ,  t o  t h e  magnetic f i e l d .  Hose i n s t a b i l i t y  
1 1  L 
r e s u l t s  i n  t h e  growth of hydromagnetic waves (Parker ,  1958). The 
amplitudes of t hese  waves remain s m a l l  enough t h a t  l i n e a r  a n a l y s i s  may 
be used i n  a reg ion  whose th ickness  t u r n s  out  t o  be a f e w  ion  cyc lo t ron  
r a d i i  (see Sect .  I11 below), and t h i s  i s  def ined  t o  be Region B. 
I n  Region 2, t h e  growing hydromagnetic waves become nonl inear ,  
producing t h e  d isordered  magnetic f i e l d s ,  i s o t r o p i c  ion  f lux ,  and 
unsteady flow observed exper imenta l ly ;  even tua l ly  t h e  waves are damped 
by d i s s i p a t i v e  processes  i n  t h i s  reg ion ,  whose th i ckness  may t h e r e f o r e  
be expected t o  be  of t h e  order  of t h e  mean f r e e  path.  I n  t h e  case  of 
t h e  ear th’s  bow shock, t h e  length  of t h i s  reg ion  appears  t o  be l a r g e r  
t han  t h e  dimensions of t he  magnetosphere. The d isordered  f i e l d s  behind 
the shock wave descr ibed  by Sone t t ,  e t  a l .  (1964), l a s t e d  many hours ,  
i nd ica t ing  a length  comparable t o  1 A . U .  
I n  Sect ion I1 below, we prove t h e  s t a b i l i t y  of Region A by assuming 
* 
t h a t  it may be i d e a l i z e d  as a plane,  fast  hydromagnetic shock. 
* 
The terminology i s  t h a t  used by Bazer and Er icson  (1959). 
hydromagnetic shock wave i s  f a s t  i f  t he  normal Alfv6n v e l o c i t y  behind 
it is  l e s s  t han  t h e  normal flow v e l o c i t y  behind and r e l a t i v e  t o  t h e  
shock wave. The normal phase v e l o c i t i e s  of small-amplitude waves 
behind and relative t o  a f a s t  shock wave are p o s i t i v e  f o r  six of t h e  
modes and negat ive  f o r  t h e  seventh,  which i s  t h e  only  mode i n  t h e  
rear region t h a t  can travel upstream t o  t h e  shock wave. 
A 
. 
I . -5- 
Assuming t h e  th ickness  of Region A i s  much smaller than wavelengths of 
i n t e r e s t ,  we show, following Gardner and Kruskal (1964), t h a t  such a shock 
i s  s t a b l e  wi th  r e spec t  t o  small pe r tu rba t ions  of t h e  f l u i d  va r i ab le s .  
@ h i s  s t i l l  leaves  the  p o s s i b i l i t y ,  however, t h a t  t h e r e  i s  i n s t a b i l i t y  
w i t h  r e spec t  t o  t h e  degrees of freedom c h a r a c t e r i s t i c  of  t h e  plasma's 
d i s c r e t e  na ture .  ) 
I n  Sec t ion  111, w e  d i scuss  the  s t r u c t u r e  of Region B and c a l c u l a t e  
i t s  th ickness ,  assuming t h e  dominant frequency i s  0.1 t imes the  i o n  
cyc lo t ron  frequency. 
I n  Sec t ion  I V ,  we compare our t h e o r e t i c a l  r e s u l t s  w i th  some 
experimental  r e s u l t s  concerning the i n t e r p l a n e t a r y  medium. 
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11. THE STABILITY OF THE FAST HYDROMAGNETIC SHOCK WAVE 
I n  an i n v i s c i d  compressible f l u i d  t h a t  i s  a p e r f e c t  conductor,  
a shock wave i s  a su r face  a t  which t h e  f l u i d  v a r i a b l e s  have jump 
d i s c o n t i n u i t i e s .  The shock condi t ions  governing t h e  jumps i n  t h e s e  
q u a n t i t i e s  are der ived  i n  Appendix B. While i n v e s t i g a t i n g  t h e  
s t a b i l i t y  of a shock, w e  consider  an  a r b i t r a r y  s m a l l  pe r tu rba t ion  i n  
t h e  f l u i d  v a r i a b l e s ,  Sp,6$,6B, and 6 s ,  where p i s  t h e  dens i ty ,  v i s  




and w e  consider t h e  pe r tu rba t ion  i n  t h e  p o s i t i o n  of t h e  shock, &. 
I f  t h e r e  i s  one i n i t i a l  s m a l l  pe r tu rba t ion  t h a t  tends t o  grow 
exponent ia l ly  wi th  t i m e ,  t h e  shock i s  c a l l e d  uns tab le .  
An a r b i t r a r y  s m a l l  d i s turbance  a t  t = 0 can be expanded i n  terms 
of normal modes; i n  t h e  case  of plane symmetry, w e  use a Four ie r  
expansion. I f  t h e  unperturbed shock i s  t h e  s u r f a c e  x = 0, l e t  t h e  
per turbed shock be t h e  su r face  cp(x,t) = x + 6cp(y,z,t) = 0. 
-+ 
Consider 
t h e  following mode of t h e  shock p e r t u r b a t i o n :  
x - m t )  
4 
where R l ies  i n  t h e  yz plane.  The l i n e a r i z e d  conserva t ion  equat ions  
provide a d i spe r s ion  r e l a t i o n  f o r  s m a l l  d i s turbances  which have t h e  
. (See App. C.) This  i s  a i ( k  x - cut) space and time dependence e 
+ - +  
4 
r e l a t i o n  between w and t h e  components of k, and t h e r e  are seven poss ib l e  
va lues  for  k,  t he  x-component of t he  propagat ion vec to r ,  t h a t  s a t i s f y  
the  d ispers ion  r e l a t i o n .  Hence, the  p e r t u r b a t i o n s  i n  t h e  f l u i d  
va r i ab le s  are given by 
-7 - 
where 
is  a seven-component column vec to r ,  and the  U .  a r e  t he  amplitudes of t he  
seven normal modes of t h e  f l u i d .  
J 
I f  I m  u) > 0, then a l l  d is turbances  
grow exponent ia l ly  i n  t i m e ,  and t h e  shock i s  unstable .  
Since t h e  l i n e a r i z e d  shock condi t ions (see below) are to be 
s a t i s f i e d  a t  x = 0 by t h e  small disturbances U, t h e  frequency w must 
be t h e  s a m e  fo r  a l l  d is turbances ,  and t h e  yz-component of t he  
propagation vec to r  must be equal  t o  A f o r  a l l  d is turbances :  
$ = (k,Ry,RZ). Furthermore, t h e  boundary condi t ions  U -+ 0 as x -, +, 
imply t h a t  Im k < 0 f o r  x < 0 and > 0 f o r  x > 0. Because the  eigen-  
.-, 
values  of w/k ahead of t h e  shock (x < 0) are a l l  p o s i t i v e ,  Im k < 0 implies 
I m  u1 < 0. Therefore ,  s ince  we a r e  looking f o r  uns t ab le  modes, w i th  
I m  u, > 0 ,  t h e  d is turbances  i n  f ron t  of t h e  shock must have ze ro  
amplitudes.  Also, t h e  amplitude of t h e  one mode f o r  which - < 0 





The c o e f f i c i e n t s  U a r e  determined by t h e  i n i t i a l  condi t ion ,  
j 
and by the  l i n e a r i z e d  shock conditions.  I f  it i s  poss ib l e  t o  f i n d  
non-zero amplitudes U fo r  t he  other s ix  modes behind the  shock and 
fo r  6, fo r  some given values  of 1 and u), with  Im u) 
an  i n i t i a l  condi t ion  U(x,O) which grows exponent ia l ly ,  and t h e  shock 
N 
+ j 
0, then t h e r e  i s  
+ 
i s  unstable .  o h i s  i s  t h e  s t a b i l i t y  problem as posed by Gardner and 
-8- 
Kruskal ,  1964; although w e  have adopted a d i f f e r e n t  method of proof 
below, much of t h e  formalism i s  adapted from t h e i r  work, and 
general ized t o  inc lude  t h e  e f f e c t s  of non- i so t rop ic  p re s su re  behind t h e  
shock. ) 
The shock condi t ions  may be l i n e a r i z e d  by s e t t i n g  cp = x + &p, and 
p = p o  + 6p, etc.  
condi t ions :  
The unperturbed shock then  s a t i s f i e s  t he  fol lowing 
[ P V x 1  = 0 9 T B ] = O  X , 
’ I ]  = o  
r v  
(pv > l e  + - +  -
L 2 P  
x .  
4 4 
We have taken v p a r a l l e l  t o  B ,  and i n  the  xy plane;  
s i d e s  of t h e  shock i n  t h i s  coord ina te  system. 
= 0 on both 
It i s  always poss ib l e  
t o  choose the  coord ina te  s y s t e m  i n  t h i s  way i f  t h e  magnetic f i e l d  does 
not  l i e  i n  t h e  plane of t h e  shock, as shown by de Hoffmann and T e l l e r  
(1950). (See appendices f o r  d e r i v a t i o n  and explana t ion  of symbols.) 
The per turbed q u a n t i t i e s  s a t i s f y  t h e  fol lowing boundary cond i t ions ,  
neg lec t ing  terms of second order  i n  t h e  s m a l l  q u a n t i t i e s ;  
-9- 
B B2 
[6Bx] = - i k  &p[B ] 
Y Y  
-10- 
To convert from t h e  v a r i a b l e  Se t o  S s ,  w e  have used t h e  following 
r e l a t i o n  (see App. A ) :  
These are t h e  boundary condi t ions  on t h e  s m a l l  q u a n t i t i e s  a t  t h e  
shock. They are u s e f u l  i n  t h i s  form if t h e  propagat ion v e c t o r  k l i e s  
along one of t h e  coordinate  axes ,  s a y ,  t h e  x-axis .  I n  t h i s  case, 
because we have (from App. C )  k^ - 8s = 8 B  
condi t ion  i s  i d e n t i c a l l y  s a t i s f i e d .  W e  have r e a l l y  only seven boundary 
condi t ions r e l a t i n g  t h e  q u a n t i t i e s  6p, Sv, Est, 6s before  and behind 
t h e  shock and h. 
problem of r e f r a c t i o n  of a small-amplitude wave through a f a s t  
hydromagnetic shock. 
i n c i d e n t  wave are considered as given, and w e  can so lve  t o  f i n d  6~ 
and t h e  seven q u a n t i t i e s  6p, Sv, 6 B t ,  6s i n  t h e  r e f r a c t e d  wave. For 
t h e  r e f r a c t e d  wave, t h e r e  are only s i x  modes which c a r r y  energy away 
from t h e  shock, s o  only s i x  of t h e  q u a n t i t i e s  6p, 6v, 8 B t ,  6s are 
independent. Hence, t h e  s i x  amplitudes of t h e  d iverg ing  modes and 
Scp are the seven q u a n t i t i e s  which are uniquely determined by t h e  
s o l u t i o n  o f  t h e  above equat ions.  
+ 
= 0 and k = 0 ,  t h e  las t  
X Y 
+ 
These condi t ions  determine t h e  s o l u t i o n  of t h e  
4 4  
The seven q u a n t i t i e s  6 p ,  pv, 6 B t ,  6s i n  t h e  
A +  
4 +  
It i s  i n t e r e s t i n g  t o  consider  t h e  r o l e  of t h e  entropy waves i n  
t h e  r e f r a c t i o n  problem. There are two cases: 
4 -.) 
(1) Propagation vec tor  k n o t  perpendicular  t o  magnetic f i e l d  B. 
The q u a n t i t i e s  t o  be determined are t h e  ampli tudes of 1 f a s t  wave, 
2 Alfven waves, 2 slow waves, and 1 entropy wave ( 6 s ) .  
-11- 
4 -. (2) Propagat ion vec to r  k perpendicular  t o  magnetic f i e l d  B. 
The q u a n t i t i e s  t o  be  determined a r e  t h e  amplitude of 1 f a s t  wave, 
6vt, €3 and t h e  5 q u a n t i t i e s  6s,  
-. + 
i n  t h e  en t ropy  waves. t 
T o  determine t h e s e  q u a n t i t i e s ,  w e  have a system of seven 
non-homogeneous equat ions .  S ince  t h e  problem of t h e  r e f r a c t i o n  of  a n  
i n c i d e n t  small d is turbance  through a shock i s  a phys ica l  problem, w e  
can argue t h a t  it must have a unique so lu t ion .  It fol lows t h a t  t h e  
s y s t e m  determinant i s  no t  zero. When t h e  amplitude of t h e  i n c i d e n t  
wave i s  zero,  t h e  system of equat ions i s  homogeneous, and has  only 
t h e  ze ro  s o l u t i o n ,  s i n c e  t h e  system determinant  is not  zero.  
Symbolical ly ,  i f  
where A.  i s  t h e  ampli tude of t h e  i t h  mode i n  r e f r a c t e d  wave, and 
w e  are given 
1 
? 
then  t h e  system may be w r i t t e n  MX = V. 
argued t h a t  d e t  M # 0, so  t h a t  M exis ts ,  and t h e  unique s o l u t i o n  i s  
X = M V. I n  p a r t i c u l a r ,  i f  V = 0, then  X = 0. 
On phys ica l  grounds, w e  have 
-1 
-1 
Now t h e  problem of i n s t a b i l i t y ,  as formulated above, i s  
equiva len t  t o  t h e  problem of f inding a r e f r a c t e d  wave wi th  non-zero 
amplitude when t h e  inc iden t  wave has ze ro  amplitude.  Because, as 
-12- 
w e  have shown, t h i s  i s  impossible f o r  a f a s t  shock, i t  i s  s t a b l e .  
T h i s  completes t h e  proof t h a t  a f a s t  hydromagnetic shock i s  s t a b l e ,  
wi th  no r e s t r i c t i o n s  on t h e  geometry of t h e  shock. The g e n e r a l i t y  
of t h e  proof i s  a consequence of t h e  unique s o l u t i o n  f o r  t h e  r e f r a c t i o n  
problem for  f a s t  shocks. (This i s  t h e  "evolu t ionary  condition" used by 
J e f f r e y  and T a n i u t i  (1964, p. 125) t o  select  t h e  phys ica l ly  r e l e v a n t  
s o l u t i o n s  of t h e  gene ra l i zed  Rankine--Hugoniot r e l a t i o n s  f o r  a system 
of conservation equa t ions . )  
* 
* 
Gardner and Kruskal (1964) have proved it only f o r  f a s t  p a r a l l e l  
and perpendicular shocks -- t h a t  i s ,  when t h e  magnetic f i e l d  i s  e i t h e r  
p a r a l l e l ,  o r  perpendicular ,  t o  s h e  shock normal. Although, s i n c e  t h e  
s p e c i a l  coordinate s y s t e m  wi th  E = 0 does n o t  e x i s t ,  t h e  l i n e a r i z e d  
shock r e l a t i o n s  do not  hold i n  t h e  above form f o r  perpendicular  shocks,  
similar equations can be w r i t t e n  f o r  perpendicular  shocks, and t h e  
same reasoning used. 
-13 - 
111. THE STRUCTURE OF REGION B 
In t h i s  s e c t i o n ,  w e  w i l l  assume t h a t  t h e  i o n  p res su re  i n  t h e  
d i r e c t i o n  of t h e  magnetic f i e l d  i s  cons iderably  g r e a t e r  than t h e  
ion  p res su re  perpendicular  t o  t h e  magnetic f i e l d  i n  Region B, i .e . ,  
. This  pressure  an iso t ropy  i n  Region B i s  assumed t o  l ead  '1 1, ' 
t o  hose  i n s t a b i l i t y  (Parker,  1958). T h i s  w i l l  reduce P and cause 
1 Ib 
t h e  f i e l d  i n  Region B t o  have a disordered s t r u c t u r e .  This  i n  t u r n  
w i l l  cause t h e  ion f l u x  t o  be i s o t r o p i c ,  r a t h e r  than  predominantly i n  
t h e  flow d i r e c t i o n .  The way i n  which hose i n s t a b i l i t y  comes about 
i s  as follows: Waves of i n f i n i t e s i m a l l y  small ampli tude ahead of 
t h e  shock and inc iden t  upon i t  a r e  r e f r a c t e d  through t h e  shock, 
gene ra l ly  r e s u l t i n g  i n  waves of a l l  s i x  outgoing modes. 
then  one of t h e  Alfvgn modes w i l l  grow s p a t i a l l y ,  f o r  a given 
I f  v > 1, 
frequency , where 
P - P  
I Ib  l b  
v =  
B /4n 
4 4 
As an example, consider  an inc ident  Alfven wave wi th  k i n  t h e  
4 4 
plane  of v and B, e.g., t h e  xy plane; suppose t h e  only non-zero 
q u a n t i t i e s  i n  t h e  inc iden t  wave are  6v and sBz . In t h e  r e f r a c t e d  
=1 1 
=a3 '6s - 0 ,  b waves, it i s  c o n s i s t e n t  t o  set Sp,, 6v 6v = 6B 
9 3  yb "b yb 
and Scp = 0. Then 6v and mZ are  determined by t h e  fol lowing 
r e l a t i o n s :  
b b z 
BX 
(PVX)lSVZ! + ( -1 [(V-1)rnz] = 0 , 
4n 
-14- 
The inc iden t  wave i s  
The r e f r a c t e d  wave i s  
The ex is tence  of boundary condi t ions  a t  x = 0 r e q u i r e s  t h a t  k and u! 
be t h e  same for  a l l  t h r e e  waves, which l eads  t o  S n e l l ' s  l a w  for  
Y 
t h e  ang le s  of incidence and r e f r a c t i o n :  k 
o r  
= kisinei  = R k s ine+ = Rek s i n 9  Y e +  - - 
s ine i  vb(vl+A1) 
s ine+ 
-- - 
2 '  
and 9 = e+, s i n c e  R k = Rek+. The boundary condi t ions  g ive  a non- 
homogeneous system of two equat ions ,  which enables  us  t o  so lve  f o r  t he  
ampli tudes of t he  r e f r a c t e d  Alfvgn modes, c+ and c-, i n  terms of t he  
amplitude of t h e  inc iden t  Alfvgn wave, c 
e x p l i c i t l y  demonstrate t h e  f a c t  t h a t  the  system determinant i s  not  z e r o :  
e -  
I n  t h i s  case,  we can i' 





Assuming t h a t  v > 1 behind the shock, t h e  r e f r a c t e d  + mode 
grows t o  about 2.7 times i t s  amplitude i n  a d i s t a n c e  
A-1 %" cosa b 
from t h e  shock, whi le  t h e  r e f r ac t ed  - mode is a t t enua ted  t o  about 
112.7 of i t s  amplitude i n  t h a t  d i s tance .  Hence, t he  th ickness  of 
Region B i s  of t h e  order  of a few A's. 
grow f a s t e r  (i.e., i n  a s h o r t e r  d i s tance) ,  bu t  t h e  mechanism of t h e  
i n s t a b i l i t y  works only for f requencies  small compared t o  the  ion  
cyc lo t ron  frequency (see Longmire, 1963, p. 124). The f a s t e s t  growing 
waves might have a frequency of about 0.1 t i m e s  t h e  ion  cyc lo t ron  
frequency, w T h i s  should be the  dominant frequency i n  t h e  d isordered  
f i e l d  reg ion ,  and w i t h  t h i s  frequency i n  A, w e  have the th i ckness  of 
Region B. 
magnitude as %, w e  have approximately 
The h ighe r  frequency waves 
i' 
Since v i s  not  t o o  la rge ,  and vb i s  of t h e  same order  of 
-16- 
which i s  t h e  cyc lo t ron  r a d i u s  f o r  an  i o n  w i t h  t h e  speed v W e  
conclude t h a t  t h e  th ickness  of Region B i s  a few i o n  cyc lo t ron  r a d i i .  
b '  
Noerdlinger (1964) has  a l s o  descr ibed  i n s t a b i l i t i e s  t h a t  could 
e x p l a i n  the f l u c t u a t i n g  magnetic f i e l d  i n  Region B. H i s  a n a l y s i s  
i s  based on t h e  assumption t h a t  t h e  perpendicular  pressure  P i s  g r e a t e r  1 
than  t h e  p a r a l l e l  p ressure  P . 
t h e  shock f r o n t  l eads  t o  i n s t a b i l i t y  wi th  r e s p e c t  t o  t r a n s v e r s e  waves." 
"The an iso t ropy  of  t h e  plasma behind I I  
H i s  c a l c u l a t i o n s  a l s o  agree  f a i r l y  w e l l  w i th  t h e  n o i s e  spectrum 
observed by Sone t t ,  Smith and Sims (1960). H i s  a n a l y s i s  probably 
a p p l i e s  on t h e  e a s t e r n  s u n l i t  s i d e  of  t h e  e a r t h ' s  bow wave, whereas t h e  
a n a l y s i s  given i n  t h i s  paper i s  meant t o  apply t o  t h e  western s u n l i t  
s i d e  (see next  s e c t i o n ) .  
-17-  
IV. COMPARISON WITH EXPERIMENTAL RESUIZS ON 
THE INTERPLANETARY MEDIUM 
I n  t h e  s o l a r  wind, t h e  magnetic f i e l d  d i r e c t i o n  seems t o  l i e  
roughly e i t h e r  i n  the  d i r e c t i o n  of ,  or opposi te  t o ,  t he  flow, but  i s  
a t  such an angle  t h a t  it i s  roughly normal t o  t h e  e a r t h ' s  baw shock on 
i t s  western s u n l i t  s ide .  (See Fig.  3.) A t  each poin t  on t h e  shock, 
_-  /, 
we can i n v e s t i g a t e  the  shock s t r u c t u r e  i n  a coordinate  system moving i n  
a d i r e c t i o n  which l i e s  i n  the  plane of and and i s  tangent  t o  t h e  
shock, with v e l o c i t y  such t h a t  t he  r e s u l t a n t  flaw v e l o c i t y  i s  p a r a l l e l  
t o  B. W e  assume t h a t  t h e  shock has t h e  same s t r u c t u r e ,  over d i s t ances  
--I 
s m a l l  compared t o  i t s  r a d i i  of curvature ,  as an i n f i n i t e  plane shock. 
I n  t h e  p re fe r r ed  coord ina te  system a t  each poin t  on the  shock, and B' 
a r e  p a r a l l e l ;  both are roughly p a r a l l e l  t o  t h e  shock normal i n  t h e  
wes tern  s u n l i t  s i d e  of t h e  shock. Since t h i s  i s  the  p a r t  of t h e  shock 
descr ibed  by t h e  e a r l y  Imp 1 da ta ,  i t  seeas reasonable  t o  compare these  
experimental  data wi th  t h e  t h e o r e t i c a l  r e s u l t s  f o r  an  i d e a l i z e d  plane 
shock model i n  which t h e  magnetic f i e l d  and the  flow v e l o c i t y  a r e  both 
p a r a l l e l  t o  t h e  shock normal, i . e . ,  a parallel shock. The r e s u l t s  are 
not  t oo  c r i t i c a l l y  dependent upon t h i s  i d e a l i z a t i o n ,  as long as t h e  
magnetic f i e l d  and flow v e l o c i t y  are  both roughly normal t o  t h e  shock. 
I n  t h e  case of a p a r a l l e l  shock, we have cy = 8, so t h e  c h a r a c t e r i s t i c  
length for t h e  s p a t i a l  growth of  t h e  uns t ab le  hydromagnetic waves i s  
/ V - l  A p  
-18- 
Sun 
Fig.3-The direction of the magnetic f ie ld  near 
the earth's bow shock 
-19- 
N - 7  7 N -1 I f  v - 2 ,  vb - 1G 
then  A ”  2000 km 
l i n e s ,  and t h e  f i e l d  i s  roughly as shown i n  Fig.  3, t h e  d i s t a n c e  measured 
a long  t h e  normal t o  the shock i s  probably about 0.1 Re. 
cm/sec, A 
1 / 3  Re. 
1.5 x 10 cm/sec, and w = 0 . 1 ~ ~  - 0.1 s e c  , 
Since  h should be measured along t h e  f i e l d  
For t h e  frequency, w e  have used t h e  h ighes t  (approximate) 
frequency f o r  which t h e  hose i n s t a b i l i t y  would be expected t o  occur,  
0.1 t i m e s  t h e  ion  cyc lo t ron  frequency, which i s  about wi - 1 sec 
f o r  B 1Oy. S ince  t h e s e  waves grow f a s t e r  than  waves of lower 
frequency, w e  might expect  t h a t  the dominant frequency i n  t h e  
d isordered  f i e l d  behind t h e  shock would be about w = 0.1 sec . The 
magnetmeter  d a t a  from Pioneer I seems t o  have a p e r i o d i c i t y  of about 
t e n  seconds (Sonett ,  Smith and S i m s ,  1960),  and t h e  power spectrum 
gene ra l ly  shows a s t e e p  decrease near w = 0.1 rad / sec  (Sonett  and Abrams, 
1963), i n  agreement w i t h  t h i s  pred ic t ion .  
N -1 
-1 
The Imp 1 magnetometer d a t a  (Ness, Scearce and Seek, 1964) 
i n d i c a t e  t h a t  t h e  c h a r a c t e r i s t i c  length f o r  development of t h e  
turbulence  behind t h e  e a r t h ’ s  bow shock is about 0.1 Re, i n  agreement 
wi th  our c a l c u l a t i o n  of  A. This  f ac t ,  p lus  t h e  f a c t  t h a t  t h e  
P ioneer  I da ta  g ive  a spectrum i n  agreement wi th  the  growing hydro- 
magnetic-wave hypothes is ,  provides  the s t r o n g e s t  experimental  support  
f o r  t h e  above theory.  Evidence e x i s t s  a l s o ,  however, f o r  t h e  presence 
of  growing hydromagnetic waves of lower frequency and, hence,  of 
longer  c h a r a c t e r i s t i c  growth length,  as descr ibed  i n  t h e  fol lowing 
paragraph. 
Measurements of t h e  magnetic f i e l d s  between 5.2 and 15.4 R by e 
instruments  aboard t h e  in t e rp l ane ta ry  probe Pioneer V (Coleman, 1964) 
show t h a t  t h e  magnetic f i e l d  beyond t h e  geomagnetic c a v i t y  i s  d isordered  
-20- 
and t h a t  both t h e  mean f i e l d  and t h e  amplitude of t h e  f i e l d  v a r i a t i o n s  
decrease wi th  inc reas ing  geocen t r i c  d i s t ance .  Freeman, Van Al len  and 
C a h i l l  (1963) have observed t h a t  t h e  f l u x  of e l e c t r o n s  of a few KEV 
energy as  measured by Explorer  X I 1  on September 13, 1961, i nc reases  
from about 12 Re inward t o  about 9 Re. 
hydromagnetic waves and the  f l u x  of low-energy e l e c t r o n s  inc rease  
inwards i n  the  d isordered  reg ion  behind t h e  e a r t h ' s  bow shock. 
poss ib le  t h a t  t h e s e  e l e c t r o n s  are be ing  a c c e l e r a t e d  t o  t h e  observed 
energ ies  by t h e  process  of Fermi a c c e l e r a t i o n ,  caused by t h e i r  
i n t e r a c t i o n  wi th  low-frequency hydromagnetic waves. S ince  these  
grow i n  d i s t ances  of about 1 or  2 Re,  according t o  t h e  above theory ,  
t h e  f lux  of a c c e l e r a t e d  e l e c t r o n s  would inc rease  apprec iab ly  over t h e  
same dis tance ,  e .g . ,  from t h e  shock wave a t  about 12 R 
Both of  t h e  above observa t ions  are t h e r e f o r e  c o n s i s t e n t  wi th  t h e  
hypothesis  of growing hydromagnetic waves of lower frequency than 
Hence, both t h e  ampli tudes of 
It  i s  




W e  have shown haw several features of shock waves i n  i n t e r -  
p l ane ta ry  space can be understood. 
w i t h  r e s p e c t  t o  s m a l l  per turba t ions  of t h e  f l u i d  v a r i a b l e s ,  t h e  reg ion  
behind t h e  shock w i l l  con ta in  disordered magnetic f i e l d s  and unsteady 
flow i f  t h e  hose i n s t a b i l i t y  c r i t e r i o n  is s a t i s f i e d .  
happen when small-amplitude dis turbances a r e  r e f r a c t e d  through t h e  
shock. The c h a r a c t e r i s t i c  length  for t h e  growth of t h e  uns t ab le  
hydromagnetic waves has  been ca l cu la t ed  f o r  a s p e c i a l  case and ag rees  
well w i t h  experimental  d a t a  from Imp 1. 
a c c e l e r a t i o n  of low-energy e l ec t rons  by Fermi processes  behind t h e  
shock can exp la in  t h e  inc rease  in e l e c t r o n  f l u x  seen  by Explorer  XI1 
as t h e  satel l i te  passed inward behind t h e  e a r t h ' s  bow shock on 
September 13, 1961. 
Although a f a s t  shock is s t a b l e  
T h i s  w i l l  always 
W e  have a l s o  shown haw t h e  
-23- 
Appendix A 
THERMODYNAMICS OF NON-ISOTROPIC GASES 
Chew, Goldberger and Low (1956) have shown t h a t  i n  the  develop- 
ment of f l u i d  equat ions  f o r  a plasma t h e  gene ra l  form of t h e  gas 
B . B .  
p re s su re  t e n s o r  is Pij  = PL Ei + (PI I - P ) , when t h e  h e a t  flow 
B2 
a long  t h e  magnetic f i e l d  i s  n e g l i g i b l e  and t h e  magnetic f i e l d  i s  
l a rge .  By d e f i n i t i o n ,  
P = - where t h e  bracke ts  i n d i c a t e  an  average Over many 
p a r t i c l e s  i n  some s m a l l  volume. The v e l o c i t y  averages are taken wi th  
= n<mv.v.> , Pi I = n G v I  1 2 ) ,  and 
’ij 1 J  
1 
1 2  
t h e  use of t h e  v e l o c i t y  d i s t r i b u t i o n  func t ions  f o r  t h e  spec ie s  of 
p a r t i c l e s  which are p resen t ,  and the v e l o c i t y  i s  measured wi th  
r e s p e c t  t o  the  average motion of the p a r t i c l e s .  
Assuming w e  can neg lec t  i n t e r p a r t i c l e  f o r c e s ,  t h e  i n t e r n a l  energy 
1 
2 kk e of t h e  gas i s  t h e  k i n e t i c  energy p e r  gram. S ince  - P i s  t h e  
k i n e t i c  energy per cubic  cent imeter  (where a sum over k from 1 t o  3 
i s  assumed), t h e  i n t e r n a l  energy i s  e = - 
1 1 pres su re  P = - P kk = 3 (PI I + 2P1), or  1 / 3  t h e  trace of t h e  p re s su re  
t e n s o r ,  and p i s  t h e  d e n s i t y  i n  grams/cm . Defining t h e  temperature  
, where t h e  average 
2 P  
3 
1 by kT = - 3 




(plv > , w e  have t h e  equation of s ta te  P = nkT, or  P = pRT, 
nk 
P 
. The second l a w  of  thermodynamics f o r  r e v e r s i b l e  -
may be w r i t t e n  
P 1 
where s i s  t h e  entropy per gram. 
I n  the  a p p l i c a t i o n  t h a t  i n t e r e s t s  u s ,  t h e  k i n e t i c  energy due t o  
t h e  motion of  t h e  ions  p a r a l l e l  t o  the magnetic f i e l d  w i l l  not  be 
-24- 
s m a l l  compared t o  t h a t  of t h e  e l e c t r o n s ,  s o  w e  can assume t h a t  ion  
acous t i c  waves are not  present  (S t ix ,  1962, p. 41) .  S ince  w e  a r e  
i n t e r e s t e d  i n  f requencies  t h a t  a r e  s m a l l  compared t o  t h e  plasma 
frequency we can ignore e l e c t r o n  plasma waves as w e l l ,  and w e  can, 
therefore ,  set  6P11 = 0. and t h e  
perpendicular pressure  can be used as a thermodynamic v a r i a b l e ,  r a t h e r  
than the average pressure .  Furthermore, because we have - = cons t  
. under condi t ions when t h e  guiding cen te r  approximation i s  v a l i d ,  ( i .e . ,  




when the thermodynamic condi t ions  a r e  ad iaba t i c )  we have t h e r e f o r e  
P 
Hence, P i s  a func t ion  only of p and s. Thus we can w r i t e  




Because f o r  an i d e a l  gas 
where c i s  t he  s p e c i f i c  hea t  a t  cons tan t  pressure ,  w e  have 
P 




2 PI b = 2 -  




I n  genera l ,  t h e  manentum f l u x  t enso r  f o r  t h e  f l u i d  has  t h e  form 
BL 1 
- -  B.B ‘i j 4n i j  ’ * ;i i j  = Pi j  + pv.v + - 81-f 
where P 
due t o  mass motion (v i s  t h e  v e l o c i t y  of mass motion). 
involv ing  t h e  magnetic f i e l d  
t e n s o r ,  when t h e  energy i n  t h e  e l e c t r i c  f i e l d  E i s  n e g l i g i b l e  compared 
t o  t h e  energy i n  t h e  magnetic f i e l d .  With t h e  above form for  t h e  gas 
i s  t h e  gas p re s su re  t enso r ,  and pv.v is t h e  momentum f l u x  
i j  1 j  
* 
The terms 
are the  terms i n  t h e  Maxwell stress 
-4 
pres su re  t e n s o r ,  w e  have : 
f +  B2 iE - ) I + p Jz+ (v-1) - = (P, + , 
where 
The gene ra l  form of the  energy f l u x  vec tor  i s  
The f i r s t  term i s  t h e  f l u x  of i n t e r n a l  energy and k i n e t i c  energy of 
mass motion; t h e  second t e r m  i s  t h e  work done by a u n i t  volume of 
t h e  g a s ;  and t h e  last term i s  t h e  Poynting f l u x  of e lec t romagnet ic  
-26- 
energy. 
s impl i c i ty ,  where v i s  p a r a l l e l  t o  B ,  t h e  l a s t  t e r m  i s  zero.  I n  t h i s  
case, we have : 




2 B2 9 + ~ - ) = p v ( e + -  + -  w = pv(e + - + -  V 4 -+ 
2 P 4nP 2 P 
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Appendix B 
CONSERVATION LAWS AND SHOCK CONDITIONS 
By t ak ing  moments of t h e  Boltzmann equat ion ,  one can g e t  
equat ions  which express  t h e  conservat ion of mass, momentum, and 
energy i n  t h e  f l u i d  and t h e  electromagnet ic  f i e l d .  T o  g e t  a closed 
set of equat ions ,  wi th  t h e  same number of unknown q u a n t i t i e s  as 
equat ions ,  w e  need t o  make some assumptions. I f  t h e  e f f e c t i v e  
frequency and wave vec to r  k fo r  the time and space v a r i a t i o n  of t h e  
f l u i d  v a r i a b l e s  are such t h a t  d k  is  much l a r g e r  than  t h e  mean thermal 
v e l o c i t y  of t h e  p a r t i c l e s ,  then the e f f e c t  of t h e  h e a t  flow t enso r  can 
be neglec ted  (Bernstein and Trehan, 1960). W e  assume t h a t  t h i s  i s  
t r u e ,  no t ing  t h a t  t h e  speed of shock waves i n  i n t e r p l a n e t a r y  space 
i s  usua l ly  an order  of magnitude higher than  t h e  mean thermal speed. 
Furthermore, t h e  g rad ien t s  induced by small-amplitude waves 
w i l l  be assumed t o  be so s m a l l  t h a t  h e a t  flaw i s  neg l ig ib l e .  We w i l l  
use t h e  conservat ion equat ions  i n  the fol lowing form. 
aP 
- +  .7 (pS) = 0 
a t  
Conservation of mass: 
a 
Conservation oi momentum: - (p;) + J - ? 
a V B2 
= o 
a t  
Conservation of energy: - [ p ( e  + - ) + - 1 + 7. 
a t  2 817 
= 0 . 
d s  
(The last equat ion  can be w r i t t e n  - =  0 when the  d e r i v a t i v e  e x i s t s . )  
d t  
-28- 
We w i l l  use  t h e  e lec t romagnet ic  equat ions  fo r  a medium wi th  
i n f i n i t e  conduc t iv i ty :  
1 
c a t  C 
-4 
1 as v .  B = 0, - - +  c u r l  E = 0, where E ' =  - B' x 
The shock condi t ions  are obta ined  by i n t e g r a t i n g  t h e  conserva- 
t i o n  laws and e lec t romagnet ic  equat ions  a c r o s s  t h e  su r face  c p ( < , t )  = 0, 
which i s  t he  shock. For any func t ion  U we have 
tJ U{ dS , 
d 
- [ U d x = [ - d x +  
d t  a t  s=o 
3- au 3- 
where q i s  t h e  v e l o c i t y  of t h e  su r face  S = 0. Since dS = 0 i n  t h e  
s u r  face ,  w e  have 
.+ as 
- + V s * q = O  , 
a t  
d; 
4 
where q = - . Now i f  U i s  t h e  dens i ty  of a quan t i ty  which i s  
conserved, w e  have - + ' F = 0, where F i s  t h e  f l u x  of t he  
conserved quant i ty .  Using the  divergence theorem, we have t h e r e f o r e :  
-4 4 
d t  au 
a t  
d 
- Ud3';; = $ d c  . (u; - ?) . 
d t  S=O 
We apply t h i s  formula t o  a s m a l l  p i l lbox-shaped su r face  S = 0 enc los ing  a 
s m a l l  par t  of t h e  su r face  rp = 0 ;  i n  t h e  l i m i t  as t h e  he igh t  of t he  
p i l l b o x  goes t o  zero ,  w e  have 0 = [ U i  - ?] n,  where [Q] c Q 
, i n  t h i s  l i m i t ,  s o  we have But = - , and q - V  c p =  - - 
n 
2 - Ql. 
T;.'(p 4 acp 
IVaI a t  a, - [ U ]  + -!(J - 
a t  ds as 
[?I = 0. This  i s  t h e  gene ra l  form of t he  shock 
condi t ions.  (The equat ion  - =  - + v ';7 s = 0 cannot be i n t e g r a t e d  
a c r o s s  the shock because the  d e r i v a t i v e  -does  no t  
d t  a t  d 
d t  
- 29- 
e x i s t  on t h e  shock su r face . )  We obta in  t h e  fol lowing shock cond i t ions :  
a(P acD 
- [ p ]  + v v  [pG] = 0 , - + Vcp Y P I =  __ 0, 
a t  a t  
- CP(e + - 
V B2 
+ - -j + -7v . [w"] = 0 , 
817 a t  2 
When t h e  p o s i t i o n  of t h e  shock does not  change i n  time, t h e s e  
reduce t o  t h e  t ime-steady shock condi t ions ,  of t h e  form 2 - [g]= 0. 
I n  gene ra l ,  t h e  shock condi t ions  do no t  hold i n  t h i s  form when 
t h e  flow behind t h e  shock is unsteady. 
t h e  equat ion  
But i f  t h e  t i m e  average of 
d - 
d t  
U d3; = f dg  (Ui - ?) 
i s  taken over a long t i m e ,  and i f  we assume t h e  volume i n t e g r a l  i s  
bounded as a func t ion  of t ime, t henwe  have 
The s u r f a c e  i n t e g r a l  can be  taken  over a f ixed  cy l inde r ,  so t h a t  
q = 0. I f  t h e  cy l inde r  can be  chosen so t h a t  t h e  c o n t r i b u t i o n  from 
i t s  s i d e s  averages t o  zero ,  then  we have 
4 
- 
[?] = 0, where t h e  f l u x  
i s  eva lua ted  a t  p o i n t s  on e i t h e r  side of t h e  shock, and t h e  average 
i s  taken over a long t i m e .  
-30- 
Appendix C 
SMALL-AMPLITUDE WAVES IN A NON-ISOTROPIC 
HYDROMAGNETIC MEDIUM 
(3 
With t h e  forms f o r  and w' given i n  Appendix A,  t h e  
conservation l a w s  and e lec t romagnet ic  equat ions  g ive  t h e  following 
MHD equations,  assuming t h a t  t h e  d e r i v a t i v e s  a l l  e x i s t :  
a t  
a +  B 2  
p ( - + v . Y 7 ) 3 + ?  (P,  + - )  
+ a 
( - + v - Y  ) s = O  , v * s = o  7 
a t  
To f i n d  t h e  equat ions  fo r  small-amplitude waves, w e  l i n e a r i z e  
6Q 
t h e s e  equations by s e t t i n g  Q = Q i- SQ, where -<C 1, f o r  each 
quant i ty  i n  t h e  equations.  We assume t h a t  
0 
QO 
2 6 s  ) = - -  2p l  I P I [  - p L  
2 B 4 / 4 r r  B /4n 
W = 6 (  
(we have a l r eady  assumed t h a t  6P 
compared t o  t h e  ion  cyc lo t ron  frequency t h e  a d i a b a t i c  r e l a t i o n  
6 (7) = 0 h o l d s . )  
= 0, and f o r  f requencies  s m a l l  I1 
pl 
Furthermore, w e  e l i m i n a t e  t h e  v a r i a b l e  SP 
B I by 
I -31- 
2 2 
= a SP + b 8s. s e t t i n g  6P 
and t i m e  v a r i a t i o n  e , then t h e  l i n e a r i z e d  equat ions are 
If a l l  s m a l l  q u a n t i t i e s  have t h e  space 
I 4 i ( Z  - x - u t )  
(-lL + k' Go)€@ + P o  k' 6; = 0 , 
Bo 8B 
1 po ( -w + k' * Go)€iG + c(a 2 6p + b 2 8s + 
41-1 
( - w +  r; . 2 0 ) 6 s  = 0 , 2 .  F i i =  0 9 
I f  w e  introduce components normal t o  the  wave f r o n t  (n) and 
t a n g e n t i a l  t o  i t  ( t ) ,  then w e  have seven equat ions  i n  t h e  seven 
unknowns Sp, Fv, 6 B t ,  and Ss, because FB 
w r i t t e n  as follows: 
* - - .  
= 0. The equat ions may be n 
-c*6p + p o w n  = 0 
2 p I f  ( - - -  BO st 8Zt - pocjcGvn + a 2 6 p  + b 2 8 s  = 0 B )  2 
BO 
2 n  4n Bo 
v - 1  
41-1 
2P(/ B 4 4 
Bn8Zt = 0 n t  - -  - (Bt . FBt) - p0c*6vt + 2 
BO BO 
-c%s = 0 
4 4 





i s  t h e  speed of t h e  wave r e l a t i v e  t o  t h e  vO where c* = - - - * 
f l u i d .  
lCl lCI 
1. Entropy waves: 
a u  ~ 
6vn = 0 - * - 4  c = O ,  w = k *  VO’ = V O J  6 s  + 0, 
d 4 b 2  
(a) I f  Bn # 0 then  6vt 0, 6Bt  = 0, and 60 = - - 2 6 s .  
a 
The v a r i a t i o n  i n  d e n s i t y  and temperature (and hence entropy)  i s  such 
t h a t  t h e r e  i s  no v a r i a t i o n  i n  p r e s s u r e ;  i t  i s  convected wi th  t h e  
f h i d .  
-4 
(b) I f  B = 0, then i n  gene ra l ,  6vt 0 ,  &Et # 0, and n 
4 
B t  6gt 
4n 
= o  2 2 a 6 p + b 6 s +  
For propagation perpendicular  t o  t h e  f i e l d  d i r e c t i o n ,  t h e  t a n g e n t i a l  
components of v e l o c i t y  and magnetic f i e l d  may vary. 
* 
I f  c 0, then 6 s  = 0 ;  t ake  components p a r a l l e l  and 
perpendicular t o  t h e  magnetic f i e l d :  
- c*6p 4- po6vn = 0 
-33- 
- p  c 6vt + -  BnSBtl = o  . 
O L  4TI 
* - c 6Bt  - BnSVtL = c !  . 
I 
2. Alfve'n waves: 
The only equat ions  involving t h e  components 6v and 
tl 
€33 are t h e  last  two. I f  
tl 
B 2  n 
8vt # 0, 6Bt # 0, then  c * ~  + (v-1) - = o  . 
I I 4np 
(a) S t a b l e  waves (0 s v < 1) 
= +,> '1-V A COS 0 n 
B * 




B There fo re ,  
-34- 
The phase v e l o c i t y  of t h e  waves i s  w/k = (vo 2 -6z A )  cos e .  
The group v e l o c i t y  i s  
4 
0 7  
which always has a p o s i t i v e  component i n  the  d i r e c t i o n  of v 
behind a f a s t  shock. We have t h e  fol lowing two modes: 
w 
+ mode: k+ = 
(vo + 6 A)  COS 6 
u) 
- mode: k = - -&V a) COS e (v 0 
(b) Unstable waves (V > 1) 
- i v v - l  r  A )  w 
.t (V-i) A 3 cos e 
- (vO 
C V O  
2 + mode: k+ - 
(vo + ifi-7 A )  w 
- 2 - mode: k = cVo2 + (v-1) A 3 cos e 
I - i y v - 1  
1 6Bt 
7 6v = 
tl d W o  
-- 
i *jv- 1 
4 i ( Z  x - ot) 
L e t  k = [z[ cos CY; s ince  the  waves vary as e 
i (kx  + ~ ? ~ y + R , z  - U t )  
= e  , we have the  fol lowing behavior f o r  t he  two 
mode s : 
+ mode: 
a Au> cos CY 
X 
cos 0(v 2+(v-l)A 2 
0 i(,t y+A z) e Y Z  e 
-35- 
I 
e ,  W-1 AW COS CY 
X cos e (vo 2 3- (w-1) A 2 ) 
- mode: {. . . I  e 
, The + mode grows spatially, and the - mode is damped spatially, with 
l a characteristic length for growth (or attenuation) of 
I 
3. Fast and Slow Waves : 








-B n ' C  / 
= o .  
6vt I 1 
\ 88tll, 1 
* The four eigenvalues of c are given by 
-36-  
n B - v  - 1 c = -  a2 + - B2 
2 4 n p ~  I 
The minus s i g n  corresponds t o  t h e  slow wave modes. These a r e  
uns tab le ,  w i th  c"' < 0, f o r  va lues  of v and 9 such t h a t  
BtL 
1 -  2 7  
1 - 2 s i n  2 9 
BL 
For I; p a r a l l e l  t o  2, (8 = 0) they are t h e  same as t h e  uns t ab le  A l f v k  
waves (but wi th  a d i f f e r e n t  p o l a r i z a t i o n )  and are uns t ab le  fo r  v > 1, 
as we found i n  the  preceding paragraph. 
The above c r i t e r i o n  f o r  i n s t a b i l i t y  i s  no t  c o r r e c t  f o r  9 # 0, 
because P 
d i s t r i b u t i o n  func t ion .  I n  genera l ,  the  f l u i d  equat ions  a lone  cannot 
and PL con ta in  l i t t l e  information about the v e l o c i t y  It 
cor rec t ly  t r e a t  i n s t a b i l i t i e s  a r i s i n g  from a non-Mamellian d i s t r i b u -  
t i o n ,  though they happen t o  be s u f f i c i e n t  f o r  t he  hose i n s t a b i l i t y  f o r  
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